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The two-photon-exchange (TPE) effects in the process e+e− → pi+pi− at large
momentum transfer are discussed within the perturbative QCD (pQCD). The con-
tributions from the twist-2 and twist-3 distribution amplitudes (DAs) of pion are con-
sidered in the estimation. Different with the results under the one-photon-exchange
(OPE) approximation, the TPE effects result in an asymmetry of the differential
cross section on the scattering angle. The precise measurement of this asymmetry
by the further experiment is an precise test of pQCD at large momentum trans-
fer. The time-like electromagnetic form factor of pion at the leading order of pQCD
is re-discussed and the comparison of our results with those in the references are
presented.
I. INTRODUCTION
The pion and the proton are the most elemental bound states due to the strong interac-
tion. The knowledge on their structures is important to test our understanding on QCD.
The electromagnetic (EM) form factor is one of the most simple and naive non-perturbative
quantity reflecting the structures of these bound states.
In 2000, the measurements of ratio of the EM form factors of proton by the polarized
method [1, 2] give very different results with those given by Rosenbluth method [3, 4].
This suggests the extraction of the EM form factors from the experimental data is a non-
trivial problem. The two-photon-exchange (TPE) effects in the unpolarized ep scattering
are expected to explain the discrepancy between the results by the polarized method and
Rosenbluth method. Many theoretical methods have been used to estimate the TPE effects
such as the hadronic model [5–8], GPD method [9, 10], phenomenological parametrizations
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2[11, 12], dispersion relation approach [13–18], pQCD calculations [19, 20] and SCEF method
[21]. The recent experimental results on the R2γ ≡ σe+p→e+p/σe+p→e−p [22] which measures
the TPE effect directly shows the estimation by the most recent calculation [18] does not
match the experimental data very well. All these mean our understanding on the TPE effects
in the ep scattering still needs to be imporved both in the theoretical and the experimental
aspects.
The TPE effects in the other processes also abstract many interesting and are discussed in
references, for example e+e− → pp [23], eπ scattering [24, 25] and unpolarized µp scattering
[26–29]. In literatures, the TPE effects in the process e+e− → π+π− is usually ignored since
the TPE effects will not affect the total cross section or the time-like EM form factor of
pion, while the TPE effects still play their role in the angle dependent of the differential
cross section. The EM form factor of pion in the space-like region at high momentum transfer
has played important role in the test of pQCD factorization [30–32], while the experimental
measurement of the EM form factor of pion in the space-like region is not a trivial problem
since there is no pion target. The study of the EM form factor of pion in the time-like
region is another window to test the pQCD factorization [33–35]. The study of the TPE
effects in this process also play the similar role to test the pQCD factorization and to help
us understand the TPE effects. In this work, we estimate this effect and we also clarify some
discussion on the time-like EM form factor of pion at the leading order of pQCD given in
literatures. We arrange our work as following, in Section II we give a simple introduction
on the cross section of e+e− → π+π− and the time-like EM form factor of pion by pQCD
under the one-photon-exchange (OPE) approximation, in Section III we discuss the TPE
effects in this process, in Section IV we discuss the input used in our practical estimation,
and in Section V we give the numerical results and our conclusion.
II. e+e− → pi+pi− VIA ONE-PHOTON-EXCHANGE
In the OPE approximation, the process e+e− → π+π− can be described by the diagram
showed in Fig.1 and the corresponding amplitude can be expressed as
M1γ = [u¯(−p2, me)(−ieγµ)u(p1, me)]Dµν(q)[−ie(p4 − p3)νFπ(s)], (1)
3e−(p1)
e+(−p2)
π+(p4)
π−(p3)
µ ν
FIG. 1: Diagrams for e+e− → pi+pi− with one-photon exchange (OPE).
where p1, p2, p3 and p4 are the momenta of the initial electron, initial anti-electron, finial π
−
and π+, Dµν(q) is the photon propagator, q = p1 + p2 = p3 + p4, Q
2 = q2 and Fπ(Q
2) is the
time-like EM form factor of pion which is defined as
< π+π−|jµ(0)|0 >≡ −(p4 − p3)µFπ(Q2), (2)
with jµ =
∑
eiqiγµqi, qi the quark fields, i the flavor indexes of the quarks and ei the
corresponding electric charge (−1 for electron).
By Eq.(1), the unpolarized differential cross section can be expressed as
dσ1γun =
1
2
e2Fπ(Q
2) F ∗π (Q
2) sin2θ, (3)
where θ is the angle between the three momenta of initial electron(p1) and finial π
−(p3) in
the center frame, e = −|e| = −√4παQED.
In the large momentum transfer region, the perturbative QCD (pQCD) can be applied
to estimate the electromagnetic form factor Fπ(Q
2) [36] . In the leading order of the strong
interaction coupling αs, the corresponding Feynman diagrams are showed as Fig. 2 and the
corresponding contribution can be expressed as
F (a)π (Q
2) =
(p4 − p3)ν
−ie(p4 − p3)2
∫ 1
0
dxdy
∫ ∞
−∞
d2b1d
2b2
∫ ∞
−∞
d2k⊥1
(2π)2
d2k⊥2
(2π)2
e−ib1·k⊥1−ib2·k⊥2
× e−S(x,y,b1,b2,Q)St(x)St(y)T ν,(a)H , (4)
where b1 = |b1|, b2 = |b2|, S(x, y, b1, b2, Q) is the Sudakov factor in b space and St is the
threshold resummation factor whose expressions can be found in [37, 38] and we also list
them in the Appendix.
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FIG. 2: Diagrams for e+e− → pi+pi− with OPE in the leading order of pQCD.
T
ν,(a)
H = c
1γ
f Tr[Φ
(fin)
π+ (p4, y,k⊥2)(−igsγσ)Φ(fin)π− (p3, x,k⊥1)(−
1
3
ieγν)Sq(qq)(−igsγρ)]Dρσ(qg),
(5)
where c1γf =
δij
3
δmn
3
T ajmT
b
niδab =
4
9
is the global color factor of the amplitude, gs is the strong
coupling, −1/3 is the charge of d-quark, e = −|e| is the electromagnetic coupling, S(qq) and
Dρσ(qg) are the propagators of quark and gluon without the color indexes, qq and qg are the
momenta of the corresponding quark and gluon in the propagators with
qq ≡ [xp3 + k⊥1]− [p3 + p4],
qg ≡ [yp4 + k⊥2]− [−(1 − x)p3 + k⊥1], (6)
and Φ
(fin)
π± are the wave functions of π
± expressed as
Φ
(fin)
π+ (p4, y,k⊥2) =
ifπ
4
{
p/4γ5φπ(y)− µπγ5
[
φPπ (y)− iσµν
( pµ4pν3
p4 · p3
φσπ
′(y)
6
− pµ4
φσπ(y)
6
∂
∂k⊥2ν
)]}
,
Φ
(fin)
π− (p3, x,k⊥1) =
ifπ
4
{
p/3γ5φπ(x)− µπγ5
[
φPπ (x)− iσµν
( pµ3pν4
p3 · p4
φσπ
′(x)
6
− pµ3
φσπ(x)
6
∂
∂k⊥1ν
)]}
,
(7)
5with fπ = 0.131GeV,
After including the contributions from the other diagrams and some algebraic calculation,
the finial expression for Fπ(Q
2) can be expressed as
Fπ(Q
2) =
∫ 1
0
dxdy
∫ ∞
0
b1db1b2db2αs(µ
2)e−S(x,y,b1,b2,Q)St(x)
16πf 2π
9
Q2
{
t0 +
µ2π
Q2
[t1 + t2 + t3]
}
H
(1)
0 (
√
xyQb2)[
θ(b1 − b2)H(1)0 (
√
xQb1)J0(
√
xQb2) + θ(b2 − b1)H(1)0 (
√
xQb2)J
(1)
0 (
√
xQb1)
]
,(8)
where the scale µ in the coupling is taken as max{√xQ, 1/b1, 1/b2} and
t0 = −1
2
xφπ(y)φπ(x),
t1 = (1− x)φPπ (y)φPπ (x),
t2 = −(1 + x)
6
φPπ (y)φ
T
π (x),
t3 =
1
3
φPπ (y)φ
σ
π(x). (9)
Comparing Eq.(8,9) with the expressions used in Ref. [30, 31, 33–35], two properties of
Eq.(8) should be clarified. The first one is that Eq.(8) is consistent with the one got by
Ref. [30] in the space-like region, the factor 1/3 in the term t3 is different with the factor
1/2 given in Ref. [31]. After some careful check, we conclude this difference is due to the
different deal on the term ∂k/⊥i/∂k⊥iµ. When one takes it as γ
µ
⊥ one gets 1/3, when one
takes it as γµ one gets 1/2. We take the factor 1/3 in the finial expression. In the practical
numerical calculation, the contribution from this difference is very small in the space-like
region and usually are neglected in some calculations, while it is not small in the time-like
region and should be included. The second property of of Eq.(8) is that there is a sign
difference in the term t2 between Eq.(8) and those used in Ref. [33–35]. After some check,
we take Eq.(8) as the finial result. Eq.(8) can also be obtained via analytical continuation
of the space-like form factor [30, 31] to the time-like region as the twist-2 case [34].
III. e+e− → pi+pi− VIA TWO-PHOTON-EXCHANGE
When the TPE contributions in the process e+e− → π+π− are considered, one has the
corresponding diagrams showed in Fig.3 at the leading order.
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FIG. 3: Diagrams for TPE for e+e− → pi+pi− with two-photon exchange (TPE) in the leading
order of pQCD.
The amplitude corresponding to Fig. 3(a) can be expressed as
iM2γ,(a) =
∫
dxdy
∫
d2b1d
2b2
∫
d2k⊥1
(2π)2
d2k⊥2
(2π)2
e−ib1·k⊥1−ib2·k⊥2
× e−S(x,y,b1,b2,Q)T 2γ,(a)H
,
∫
K ∗ T 2γ,(a)H , (10)
where
T
2γ,(a)
H = u¯(−p2, s2)(−ieγµ)Se(qe)(−ieγρ)u(p1, s1)Dρσ(q1)Dµν(q2)
c2γTr[Φ
(f)
π (p4, y,b2)(
2
3
ieγν)Φ(f)mn,π(p3, x,b1)(−
1
3
ieγσ)]
, u¯(−p2, s2)γµγωγρu(p1, s1)qe,ωT (a)µρ (Q2, θ,b1,k⊥1,b2,k⊥2), (11)
with c2γ =
δij
3
δij
3
= 1
3
the global color factor and the momenta in the propagators
qe = −p2 + q2,
q1 = [xp3 + k⊥1]− [−(1− y)p4 + k⊥2],
q2 = [yp4 + k⊥2]− [−(1− x)p3 + k⊥1], (12)
and
T (a)µρ (Q
2, θ,b1,k⊥1,b2,k⊥2)
= c2γTr[Φπ(p4, y,b2)(
2
3
ieγµ)Φπ(p3, x,b1)(−1
3
ieγρ)](−ie)2 −i
q21 + iǫ
−i
q22 + iǫ
i
q2e + iǫ
. (13)
Using the relation
γµγωγρ = gµωγρ − gµργω + gωργµ − iγ5ǫµωρσγσ, (14)
7the amplitude iM2γ,(a) can be expressed in a similar form as iM1γ and one has
T
2γ,(a)
H (p1, s1; p2, s2; p3, p4)
= u¯(−p2, s2)γρu(p1, s1)qe,ωT (a)ωρ − u¯(−p2, s2)γωu(p1, s1)qe,ωT (a)µµ
+u¯(−p2, s2)γµu(p1, s1)qe,ρT (a)µρ − u¯(−p2, s2)γσu(p1, s1)iγ5ǫµωρσqe,ωT (a)µρ )
= [u¯(−p2, me)γµu(p1, me)][qe,ωT (a)ωµ − qe,µT (a)ρρ + qe,ρT (a)µρ ]
+[u¯(−p2, me)γ5γµu(p1, me)][−iǫσωρµqe,ωT (a)σρ ],
, [u¯(−p2, me)(−ieγµ)u(p1, me)]Dµν(q)T (a),effν
+[u¯(−p2, me)(−ieγ5γµ)u(p1, me)]Dµν(q)T¯ (a),effν , (15)
with
T (a),effν =
1
−ie
q2
−i [qe,ωT
(a)
ων − qe,νT (a)ρρ + qe,ρT (a)νρ ],
T¯ (a),effν =
1
−ie
q2
−i [−iǫ
σωρ
νqe,ωT
(a)
σρ ]. (16)
Generally, T
(a),eff
ν can be written as c1p1ν + c2p2ν + c3p3ν , using the approximation me = 0,
the first two terms give no contributions and one get T
(a),eff
ν ∝ (p4 − p3)ν and finally
iM2γ,(a)
=
∫
K ∗ [u¯(−p2, me)(−ieγµ)u(p1, me)]Dµν(q)T effν ]
+
∫
K ∗ [u¯(−p2, me)(−ieγ5γµ)u(p1, me)]Dµν(q)T˜ eff,(a)ν ]
, [u¯(−p2, me)(−ieγµ)u(p1, me)]Dµν(q)[−ie(p4 − p3)νF˜ (a)π (Q2, θ)],
+[u¯(−p2, me)(−ieγ5γµ)u(p1, me)]Dµν(q)[−ie(p4 − p3)νG˜(a)π (Q2, θ)], (17)
where F˜π(Q
2, θ), G˜π(Q
2, θ) are expressed as
F˜ (a)π (Q
2, θ) =
∫
(p4 − p3)ν
−ie(p4 − p3)2T
(a),eff
ν ,
G˜(a)π (Q
2, θ) =
∫
(p4 − p3)ν
−ie(p4 − p3)2 T¯
(a),eff
ν . (18)
The contribution from the Fig. 3 (b) can be also get in a similar way. Due to the similar
form with Fπ(Q
2), we call F˜
(a)
π (Q2, θ), G˜
(a)
π (Q2, θ) as the general form factors in the following
and the finial expressions for the general form factors can be get from the Eq. (13,16,18).
8After some calculation, one has
F˜π(Q
2, θ) , F˜ (a)π (Q
2, θ) + F˜ (b)π (Q
2, θ),
F˜ (b)π (Q
2, θ) = −F˜ (a)π (Q2, θ + π), (19)
where
F˜ (a)π (Q
2, θ) =
c2γe
2f 2πQ
2
36π
∫
b2db2
∫
dxdy e−S(x,y,b1,b2,Q)
×
{
1
2
φπ(x)φπ(y)Q
2(−cos θ+x+y−1) + µ2π
[
φPπ (x)φ
P
π (y)(−cos θ+x+y−1)
− 1
36
φTπ (x)φ
T
π (y)(−cos θ+x+y−1) +
1
24
φTπ (x)φ
σ
π(y) +
1
24
φσπ(x)φ
T
π (y)
]}
×H˜(x, y, Q, b2, θ), (20)
and
H˜(x, y, Q, b2, θ) =
∫
dφb2dk⊥3xe
−ib2xk⊥3x
×
{
2
√
2e
|b2y |√
2
(
−
√
P
(1)
1 (x,y,Q,k⊥3x,θ)−iǫ
)
√
P
(1)
1 (x, y,Q, k⊥3x,θ)−iǫP (1)2 (x, y,Q, k⊥3x,θ)P (1)3 (x, y,Q, k⊥3x,θ)
− e
|b2y |
(
−
√
P
(2)
1 (x,y,Q,k⊥3x)−iǫ
)
√
P
(2)
1 (x, y, Q, k⊥3x)− iǫP (2)2 (x, y, Q)P (2)3 (x, y, Q, k⊥3x, θ)
+
e
|b2y |
(
−
√
P
(3)
1 (x,y,Q,k⊥3x)−iǫ
)
√
P
(3)
1 (x, y, Q, k⊥3x)− iǫP (3)2 (x, y, Q)P (3)3 (x, y, Q, k⊥3x, θ)
}
, (21)
9with b2y , b2 sinφb2 , b2x , b2 cos φb2, k⊥3 = k⊥2 − k⊥1 = {k⊥3x, k⊥3y}, ǫ = 0+ and
P
(1)
1 (x, y, Q, k⊥3x, θ) = 2k
2
⊥3x + 2k⊥3xQ sin θ +Q
2(− cos θ(x+ y − 1) + 2xy − x− y + 1)
+2m2e,
P
(1)
2 (x, y, Q, k⊥3x, θ) = 2k⊥3xQ sin θ +Q
2(− cos θ(x+ y − 1) + x− y + 1) + 2m2e,
P
(1)
3 (x, y, Q, k⊥3x, θ) = 2k⊥3xQ sin θ +Q
2(− cos θ(x+ y − 1)− x+ y + 1) + 2m2e,
P
(2)
1 (x, y, Q, k⊥3x) = k
2
⊥3x +Q
2(x− 1)y,
P
(2)
2 (x, y, Q) = Q
2(x− y),
P
(2)
3 (x, y, Q, k⊥3x, θ) = P
(1)
3 (x, y, Q, k⊥3x, θ),
P
(3)
1 (x, y, Q, k⊥3x) = k
2
⊥3x +Q
2x(y − 1),
P
(3)
2 (x, y, Q) = P
(2)
2 (x, y, Q),
P
(3)
3 (x, y, Q, k⊥3x, θ) = P
(1)
2 (x, y, Q, k⊥3x, θ). (22)
Furthermore, the cross section from the interference of M2γ and M1γ can expressed as
dσ2γun =
1
2
e2 sin2θ{2Re[F ∗π (Q2)F˜π(Q2, θ)]}, (23)
and there is no contribution from G˜π(Q
2, θ).
IV. THE INPUT
In the time-like region, in principle the contributions from the resonances should also be
considered. In this work, we limit our discussion at the high energy region and focus on
the TPE effects, so we neglect the contributions from the resonances at present and the
needed input are the same as those used in space-like region. For simplicity, we directly
take nf = 3,Λ = 0.2GeV in the Sudakov factor and neglect the dependence of nf and Λ
on Q2, 1/b1 and 1/b2. All other inputs are taken as same as those used in Ref. [34] which
means the asymptotic two-parton twist-2 and twist-3 DAs are taken
φπ(x) = 6x(1− x)[1 + a2C3/22 (1− 2x)],
φPπ (x) = 1,
φσπ(x) = 6x(1− x),
φTπ (x) = dφ
σ
π(x)/dx = 6(1− 2x), (24)
10
with a2 = 0.2 and the Gegenbauer polynomial C
3/2
2 (u) = (3/2)(5u
2− 1). The normalization
of the above DAs is a little different with that in Ref. [34]. The associated chiral scale is
taken as µπ = 1.3GeV, the shape parameter in the threshold resummation factor St(x) is
taken as c = 0.4 and the renormalization scale used in the αS and Sudakov factor is taken
as µ = max(
√
xQ, 1/b1, 1/b2).
Other forms of DAs are also used for estimation and the practical numerical results show
the form factors are a little sensitive on the input DAs. Since our focus is on the TPE effects
in e+e− → π+π−, we do not go to discuss the detail of the dependence of the pion form
factor Q2|Fπ(Q2)| on the input DAs.
V. NUMERICAL RESULTS AND DISCUSSION
Using the inputs suggested in the last section, the form factors Fπ(Q
2), F˜π(Q
2, θ) can
be calculated directly by the numerical method. In our numerical calculation, we use the
function NIntegrate in the Mathematica to do the integration and also the Bessel function
in the Mathematica are used directly. The function Vegas in the package Cuba [39] is also
used to check the numerical calculation and we find it gives the same result. We want to
point out that the integration include the Bessel function should be dealt carefully. The
integration of Q2|F˜π(Q2, θ)| is heavy and in the practical calculation, we at first calculate
the results at some points with the relative precision about 1% and then fit the results.
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FIG. 4: Results for Q2Fπ(Q
2) vs . Q2. The left panel is the result for Q2|Fπ(Q2)| vs . Q2 and the
right panel is the result for the phase of Fπ(Q
2) vs . Q2.
11
The numerical results for Q2|Fπ(Q2)| and the phase of Fπ(Q2) are presented in Fig. 4.
The red dashed curves refer to the contribution from twist-2 DA, the blue dotted curves refer
to the contribution from twist-3 DAs and the black solid curves refer to the contribution
from their sum. The contribution from the twist-2 DA is almost same with that presented
in [34]. The contribution from the twist-3 DAs is much smaller than that from the twist-2
DA, which is very different with the property presented in [34, 35]. For comparison, three
results are presented in Fig. 5 to show the reason of the large difference.
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FIG. 5: Comparison of the contributions from twist-3 DAs to Q2|Fπ(Q2)| and the phase of Fπ(Q2)
with different expressions. The olive dashed curves labelled as “twist-3-refs” refers to the results by
replacing t1+t2+t3 in Eq. (8) with t1−t2 which was given in [33] and then used in Ref. [34, 35], the
pink dashed-doted curves labelled as “twist-3-corrected” refers to the results by replacing t1+t2+t3
in Eq. (8) with t1 + t2 and the black solid curves labelled as “twist-3-full” refers to the results by
Eq. (8).
In Fig. 5, the olive dashed curves labelled as “twist-3-refs” refer to the results by replacing
t1+ t2+ t3 in Eq. (8) with t1− t2 which was given in [33] and then used in Ref. [34, 35], the
pink dashed-doted curves labelled as “twist-3-corrected” refers to the results by replacing
t1 + t2 + t3 in Eq. (8) with t1 + t2 and the black solid curves labelled as “twist-3-full” refer
to the results from Eq. (8). The numerical results “twist-3-Refs” are almost same with the
corresponding results in Fig.5 of Ref. [34]. The comparison of the results “twist-3-refs” and
“twist-3-corrected” shows that there is large cancellation between the contributions from
the terms t1 and t2. The comparison of the results “twist-3-corrected” and “twist-3-full”
shows the contribution from the term t3 is also important. The property of the contribution
12
from the term t3 is very different with that in the space-like region where the contribution
from this term is small.
The numerical results for Q2|F˜π(Q2, θ)| vs. Q2 at θ = (1/9, 2/9, 1/3, 4/9)π are presented
in Fig. 6. The red dashed curves refer to the contribution from twist-2 DA, the blue
dotted curves refer to the contribution from twist-3 DAs and the black solid curves refer to
the contribution from their sum. One can see the magnitudes of Q2|F˜π(Q2, θ)| are about
(10%−20%) of Q2|Fπ(Q2)| at small θ which means the absolute contributions from the TPE
effects are not small. This is natural since naively the ratio is expected as αQED/αS due
to Fig. 2 and Fig. 3. This property is differen with the TPE corrections in the elastic ep
scattering at small momentum transfer where the relative corrections are expected as αQED.
The Q2|F˜π(Q2, θ)| also shows strong angle dependence which is the most interesting property
different with Fπ(Q
2). The manifest dependence of Q2|F˜π(Q2, θ)| on θ at Q2 = (20, 50) GeV2
are presented in Fig. 7.
The normalized cross sections dσunQ
4/sin2θ from the OPE (black solid curves) and
OPE+TPE (red dashed curves) are presented in Fig. 8, where one can see a manifest
asymmetry in the angle dependence of the cross section after including the TPE effects.
The existing of such asymmetry is a direct single of the TPE effects. The measurements of
such asymmetry can help us understand the TPE effects.
In summary, in this work the TPE effects in the process e+e− → π+π− at large momentum
transfer are discussed within the perturbative QCD (pQCD). The TPE contributions to the
cross section are calculated and we find the asymmetry of the differential cross section on
the scattering angle reaches about 10%−20% at small angle. The time-like electromagnetic
form factor of pion at the leading order of αS from the twist-3 DAs is also discussed and the
comparison of our results with those in the references are presented.
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FIG. 6: The numerical results for Q2|F˜π(Q2, θ)| vs. Q2 at θ = (1/9, 2/9, 1/3, 4/9)pi from twist-2
DA (red dashed), twist-3 DAs (blue dotted) and their sum (black solid), respectively.
VII. APPENDIX
In this Appendix, some expressions used in the practical calculation are listed.
The Sudkov factor S(x, y, b1, b2, Q) [37] is expressed as
S(x, y, b1, b2, Q) = s(xQ, b1) + s(yQ, b2) + s((1− x)Q, b1) + s((1− y)Q, b2)
− 1
β0
ln
(
tˆ
−bˆ1
)
− 1
β0
ln
(
tˆ
−bˆ2
)
, (25)
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FIG. 8: The numerical results for dσunQ
4/sin2θ vs. θ at Q2 = (20, 50) GeV2 from the OPE (black
solid) and OPE+TPE (red dashed), respectively.
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where
s(xQ, 1/b) =
A(1)
2β0
qˆln
(
qˆ
−bˆ
)
+
A(2)
4β20
(
qˆ
−bˆ − 1
)
− A
(1)
2β0
(bˆ+ qˆ)
−4A
(1)β1
16β30
qˆ
[
1 + ln(−2bˆ)
−bˆ −
1 + ln(2qˆ)
qˆ
]
−
[
A(2)
4β20
− A
(1)
4β0
ln
(
1
2
e2γE−1
)]
ln
(
qˆ
−bˆ
)
−4A
(1)β1
32β30
[
ln2(−2bˆ)− ln2(2qˆ)
]
, (26)
with
tˆ = ln(
t
ΛQCD
), t = max(
√
xQ, 1/b1, 1/b2),
bˆ = ln(bΛQCD), qˆ = ln[
xQ√
2ΛQCD
],
A(1) = CF =
4
3
,
A(2) = (
67
27
− π
2
9
)Nc − 10
27
Nf +
8
3
β0ln(
eγE
2
),
β0 =
11Nc − 2Nf
12
=
9
4
, β1 =
51Nc − 19Nf
24
= 4,
Nc = Nf = 3. (27)
The jet function St(xi) [38] is expressed as
St(xi) =
21+2cΓ(3/2 + c)√
πΓ(1 + c)
[xi(1− xi)]c. (28)
The running strong coupling αS[40] is expressed as
αs(µ
2) =
π
β0ln(µ2/Λ
2
QCD)
− πβ1ln(ln(µ
2/Λ2QCD))
β30 ln
2(µ2/Λ2QCD)
. (29)
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